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SUMMARY 
This r e p o r t  descr ibes  t r a j e c t o r i e s  based on t h e  J u p i t e r  swingby f l i g h t  
mode t h a t  may be appropr i a t e  f o r  exp lo ra t ion  of i n t e r p l a n e t a r y  space .  I n t e r ­
p l ane ta ry  space r e f e r s  t o  regions of t h e  s o l a r  system t h a t  can be cha rac t e r ­
i zed  by p e r i h e l i o n  o r  aphel ion d i s t a n c e s ,  h e l i o c e n t r i c  i n c l i n a t i o n ,  and t h e  
l i k e .  T r a j e c t o r i e s  t o  p a r t i c u l a r  t a r g e t s  (p i ane t s ,  a s t e r o i d s ,  o r  comets) a r e  
not  considered.  
The r e s u l t s  f o r  seven values  of  Earth depar ture  v e l o c i t y  a r e  summarized 
as a s e r i e s  of  contour c h a r t s  t h a t  dep ic t  t h e  f e a t u r e s  of  t h e  p o s t - J u p i t e r  
encounter t r a j e c t o r i e s .  The coordinate  system employed on t h e s e  c h a r t s  i s  
i n c l i n a t i o n  of t h e  passage hyperbola a t  J u p i t e r  and t h e  p e r i c e n t e r  d i s t ance .  
The following post-encounter  t r a j e c t o r y  parameters a r e  i l l u s t r a t e d :  p e r i ­
he l ion  and aphel ion d i s t a n c e s ;  h e l i o c e n t r i c  i n c l i n a t i o n s ;  and f l i g h t  t imes t o  
p e r i h e l i o n ,  maximum h e l i o c e n t r i c  l a t i t u d e ,  10 AU, and 50 AU.  
I t  i s  shown t h a t ,  wi th in  t h i s  c l a s s  of  J u p i t e r  swingbys, g r e a t e r  t r a j e c ­
t o r y  f l e x i b i l i t y  i n  terms of  reduced f l i g h t  t imes,  h ighe r  i n c l i n a t i o n s ,  e t c . ,  
i s  achieved with inc reas ing  Earth depar ture  speed. 
INTRODUCTION 
Spacecraf t  t r a j e c t o r i e s  t o  var ious  regions of  t he  s o l a r  system w i l l  be 
necessary as p a r t  of a f l i g h t  program t o  f u r t h e r  our  knowledge of i n t e rp l ane ­
t a r y  space and t o  understand t h e  inf luences  of t h e  Sun's a c t i v i t y  and of t h e  
g a l a c t i c  background on t h e s e  c h a r a c t e r i s t i c s .  Depending on the  na tu re  of t he  
observat ions t o  be made, a t  l e a s t  one of t h r e e  genera l  t r a j e c t o r y  ca t egor i e s  
w i l l  be appropr i a t e ;  namely, those  with small p e r i h e l i o n  r a d i i ,  those  with 
l a rge  aphel ion r a d i i  ( inc luding  s o l a r  system escape t r a j e c t o r i e s ) ,  o r  those  
i n c l i n e d  t o  t h e  e c l i p t i c  p lane .  I t  should be noted t h a t  t h e s e  ca t egor i e s  a r e  
not  n e c e s s a r i l y  mutually exc lus ive .  For a s p e c i f i e d  Earth depar ture  speed 
(commonly r e f e r r e d  t o  i n  t h e  l i t e r a t u r e  as c h a r a c t e r i s t i c  v e l o c i t y )  and use fu l  
spacec ra f t  l i f e t i m e ,  f o r  example, a t r a j e c t o r y  may e x i s t  t h a t  c l o s e l y  
approaches t h e  Sun and t h a t  i s  a l s o  h igh ly  i n c l i n e d  t o  t h e  e c l i p t i c .  The pur­
pose of t h i s  r e p o r t  i s  t o  a i d  t h e  mission p lanner  i n  reaching s u i t a b l e  com­
promises between mission ob jec t ives  and system c o n s t r a i n t s  by s e t t i n g  f o r t h ,  
i n  a broad paramet r ic  manner, t he  c h a r a c t e r i s t i c s  of  some p o s s i b l e  h e l i o c e n t r i c  
t r a j e c t o r i e s  t h a t  a r e  not cons t ra ined  by s p e c i f i e d  te rmina l  condi t ions  (i.e. , 
no p lane ta ry  i n t e r c e p t ) .  
As with a l l  space  missions,  two d i s t i n c t  t r a j e c t o r y  techniques a r e  
conceptual ly  ava i la .b le ,  t h a t  i s ,  b a l l i s t i c  and low t h r u s t  t r a n s f e r s .  This  
r epor t  i s  concerned only  with t h e  use  of b a l l i s t i c  t r a n s f e r s .  Recent analyses  
o f  missions t h a t  employ low t h r u s t  p ropuls ion  systems can be found i n  
r e fe rences  1-3.  
Within t h e  category of b a l l i s t i c  t r a n s f e r s ,  bo th  d i r e c t  and p l ane ta ry  
swingbys e x i s t .  Previous s t u d i e s  ( r e f s .  4-7) have concluded t h a t  c e r t a i n  
mission ca t egor i e s ,  if c a r r i e d  out by t h e  d i r e c t  f l i g h t  mode, would r e q u i r e  
Earth depar ture  v e l o c i t i e s  i n  excess  of foreseen  c a p a b i l i t i e s  ( e .g . ,  c lo se  
s o l a r  probes and h i g h l y  i n c l i n e d  h e l i o c e n t r i c  o r b i t s )  o r  would r e q u i r e  
i n o r d i n a t e l y  long f l i g h t  t imes (e .g . ,  missions t o  t h e  outermost p l a n e t s ) .  
These same s t u d i e s ,  however, have a l s o  i n d i c a t e d  t h a t  such adverse f e a t u r e s  
can be l a r g e l y  overcome i f  t h e  p l ane ta ry  swingby mode i s  used. Because of  i t s  
s t rong  g r a v i t a t i o n a l  f i e l d  and s u i t a b l e  l o c a t i o n  i n  t h e  s o l a r  system, J u p i t e r  
i s  t h e  most u se fu l  of  a l l  t h e  p l a n e t s  as t h e  swingby p lane t  f o r  missions of 
t h e  type considered he re .  Consequently, t h i s  r e p o r t  i s  concerned s o l e l y  with 
J u p i t e r  swingby missions.  
Since these  missions do not  te rmina te  with a p l a n e t a r y  i n t e r c e p t ,  t h e  
c h a r a c t e r i s t i c s  ( i . e . ,  i n c l i n a t i o n  and p e r i c e n t e r  d i s t ance )  of t h e  passage 
hyperbola can be chosen t o  s e l e c t  p a r t i c u l a r  a spec t s  of t h e  subsequent t r a j e c ­
t o r y .  F o r  any combination of passage i n c l i n a t i o n ,  d i s t ance ,  and Earth depar­
t u r e  speed ( c h a r a c t e r i s t i c  v e l o c i t y ) ,  a unique post-encounter  t r a j e c t o r y  
r e s u l t s .  I f ,  f o r  each c h a r a c t e r i s t i c  v e l o c i t y ,  t h e  passage condi t ions  ( i . e . ,  
i n c l i n a t i o n  and d i s t ance )  a r e  permi t ted  t o  va ry ,  a s e t  of post-encounter  h e l i o ­
c e n t r i c  t r a j e c t o r i e s  e x i s t s .  This ,  then ,  sugges ts  t h e  form adopted i n  t h i s  
r epor t  f o r  p r e s e n t a t i o n  of t h e  numerical r e s u l t s ;  namely, contours of r e l e v a n t  
post-encounter  t r a j e c t o r y  parameters p l o t t e d  i n  t h e  passage i n c l i n a t i o n ­
p e r i c e n t e r  d i s t ance  p lane .  This manner of p r e s e n t a t i o n  a l s o  a f fo rds  t h e  m i s ­
s ion  p lanner  t h e  oppor tuni ty  t o  s e l e c t  passage condi t ions  t h a t ,  i n  t h e i r  own 
r i g h t ,  may enhance any observa t ions  t o  be c a r r i e d  out  nea r  J u p i t e r  i t s e l f .  
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NOMENCLATURE 
semimajor a x i s  

e c c e n t r i c i t y  

h e l i o c e n t r i c  i n c l i n a t i o n  

u n i t  vec to r s  along x ,y ,z  axes 

hyperbol ic  bend angle  a t  J u p i t e r  

p lane ta ry  mass ( s o l a r  u n i t s )  

d i s t ance  from Sun 

d i s t ance  of  J u p i t e r  from Sun a t  encounter 
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R p l ane ta ry  r a d i u s  
p e r i c e n t e r  d i s t a n c e  (p lane tary  r a d i i )  
t r a n s f e r  time on h e l i o c e n t r i c  conic  
h e l i o c e n t r i c  o r b i t a l  v e l o c i t y  o f  J u p i t e r ,  with speed V = 
c h a r a c t e r i s t i c  v e l o c i t y  (Earth depar ture  speed) 
h e l i o c e n t r i c  v e l o c i t y  a t  J u p i t e r  encounter ,  wi th  speed V 1  = lvll 
i n i t i a l  h e l i o c e n t r i c  v e l o c i t y  of  post-encounter  t r a j e c t o r y ,  wi th  
speed V2 = I'iT21 
hyperbol ic  excess v e l o c i t y ,  with speed Vm = Itm( 
rec tangu la r  coord ina te  axes 
h e l i o c e n t r i c  pa th  angle  a t  J u p i t e r  encounter  
i n i t i a l  h e l i o c e n t r i c  pa th  angle  of post-encounter  t r a j e c t o r y  
i n c l i n a t i o n  of  passage hyperbola 
h e l i o c e n t r i c  l a t i t u d e  
h e l i o c e n t r i c  t r a n s f e r  angle  
l i m i t i n g  t r u e  anomaly on hyperbol ic  t r a j e c t o r y  
angle from p e r i h e l i o n  a t  i n i t i a t i o n  of  post-encounter  t r a j e c t o r y  
u n i t  vec to r  
P H Y S I C A L  MODEL AND A S S U M P T I O N S  
Inasmuch as the  parameters of t h e  post-encounter  t r a j e c t o r i e s  are d i r e c t  
func t ions  of  both t h e  Ea r th - Jup i t e r  t r a j e c t o r i e s  and t h e  passage cond i t ions ,  
t h e  f e a t u r e s  of  t h e s e  last-mentioned phases of t h e  mission a r e  b r i e f l y  d i s -
cussed i n  t h i s  s e c t i o n .  A r e p r e s e n t a t i v e  mission i s  a l s o  discussed t o  make 
c l e a r  t h e  o v e r a l l  mission p r o f i l e s  and t o  f u r t h e r  de f ine  t h e  t r a j e c t o r y  param-
e t e r s .  More d e t a i l e d  d iscuss ions  of  t h e  passage geometry and t h e  pos t -
encounter  equat ions of motion are contained i n  appendixes A and B. 
-
I A l l  speeds given i n  emos (emos i s  Earth mean o r b i t a l  speed o f  
2 9 . 8  km/sec). 
3 
Ear th - Jup i t e r  T r a j e c t o r i e s  
Oppor tuni t ies  f o r  missions t o  J u p i t e r  occur  every 1 3  months. Because of  
J u p i t e r ' s  small o r b i t a l  e c c e n t r i c i t y  and i n c l i n a t i o n ,  t h e  t r a j e c t o r y  param­
eters vary but  s l i g h t l y  among launch o p p o r t u n i t i e s .  For t h i s  reason, Earth-
J u p i t e r  t r a j e c t o r i e s  are o f t e n  approximated by assuming t h a t  J u p i t e r ' s  o r b i t  
i s  c i r c u l a r  and l i e s  i n  t h e  e c l i p t i c  p lane .  However, because some v a r i a t i o n s  
i n  v e l o c i t y  and f l i g h t  time requirements do e x i s t  and s i n c e  t h e  a c t u a l  
requirements are s l i g h t l y  g r e a t e r  than  t h e  s i m p l i f i e d  model would p r e d i c t ,  t h e  
approach he re  i s  f irst  t o  employ t r a j e c t o r y  c h a r a c t e r i s t i c s  a s soc ia t ed  with a 
p a r t i c u l a r  launch oppor tuni ty ;  t h e  1975 oppor tuni ty  was assumed. The r e l e v a n t  
parameters f o r  t h i s  oppor tuni ty  a r e  shown as a func t ion  o f  c h a r a c t e r i s t i c  
v e l o c i t y  i n  f i g u r e  1; t h e  d a t a  a r e  from re fe rence  8. I t  i s  because of  t h e  
observed s t rong  dependence of  t h e  var ious  t r a j e c t o r y  parameters ( i n  p a r t i c u l a r ,  
t h e  f l i g h t  t ime) on t h e  c h a r a c t e r i s t i c  v e l o c i t y  t h a t  c h a r a c t e r i s t i c  v e l o c i t y  
i s  used a s  a parameter i n  analyzing t h e  post-encounter  t r a j e c t o r i e s .  The v a r i ­
a t i o n s  i n  r ad ius  and speed of  J u p i t e r ' s  o r b i t  are t h e  r e s u l t  o f  employing t h e  
a c t u a l  o r b i t a l  e c c e n t r i c i t y  i n  t h e  t r a j e c t o r y  c a l c u l a t i o n s .  They r e s u l t  from 
t h e  changing encounter  d a t e  with Vc.  Note a l s o  t h a t  a l l  Ea r th - Jup i t e r  t r a ­
j e c t o r i e s  t h a t  o r i g i n a t e  with c h a r a c t e r i s t i c  v e l o c i t i e s  g r e a t e r  than 
16.5 km/sec a r e  hyperbol ic .  
can y i e l d  hyperbol ic  post-encounter  t r a j e c t o r i e s  f o r  a l l  lower values  o f  
and e l l i p t i c a l  post-encounter  t r a j e c t o r i e s  can be made t o  occur f o r  h ighe r  
values  of Vc.  
I t  w i l l  be  seen l a t e r  t h a t  t h e  J u p i t e r  passages 
V c ,  
Ea r th - Jup i t e r  t r a j e c t o r y  parameters f o r  a l l  o t h e r  launch oppor tun i t i e s  
during t h e  1970 decade were examined t o  determine t h e  a c t u a l  v a r i a t i o n s  from 
those of t h e  1975 oppor tuni ty ;  t r a j e c t o r i e s  during t h i s  per iod  a r e  similar t o  
those  t h a t  e x i s t  during o t h e r  per iods  of i n t e r e s t .  These v a r i a t i o n s  can be 
summarized a s  fo l lows:  
0 The minimum value  o f  Vc i s  14.1 km/sec (1970, 1971 o p p o r t u n i t i e s ) ;  
t he  maximum value i s  14.6 km/sec (1979 oppor tun i ty ) .  The corresponding va lue  
f o r  1975 (from f i g .  1)  i s  14.25 km/sec. 
0 The s h o r t e s t  f l i g h t  time a s soc ia t ed  with minimum Vc i s  1.86 years  
(1973 oppor tuni ty) ;  t h e  maximum value i s  2.75 years  (1980 oppor tuni ty) .  These 
a r e  t o  be compared with t h e  value f o r  t h e  1975 oppor tuni ty  of 2.19 yea r s .  
A s  d iscussed l a t e r ,  t h e  Ea r th - Jup i t e r  t r a j e c t o r y  f o r  which t h e  hyper­
b o l i c  excess speed a t  J u p i t e r  i s  equal t o  J u p i t e r ' s  h e l i o c e n t r i c  o r b i t a l  speed 
i s  s i g n i f i c a n t  i n  t h e  a n a l y s i s  of t h e  post-encounter  t r a j e c t o r i e s .  During t h e  
1975 oppor tuni ty  t h i s  t r a j e c t o r y  i s  def ined by V c  = 15.6 km/sec. This i s  a 
maximum value and i s  e s s e n t i a l l y  equal during f o u r  o t h e r  oppor tun i t i e s  (1974, 
1976, 1977, 1980). This  t r a j e c t o r y  type can be achieved f o r  values  of  Vc 
a s  low as  15.2 km/sec during t h e  1970 and 1971 o p p o r t u n i t i e s .  
Passage Conditions a t  J u p i t e r  
Having ensured (by no t  using a c i r c u l a r  coplanar  model a t  t h e  o u t s e t )  
t h a t  r e a l  v e l o c i t y  requirements have been e s t a b l i s h e d  f o r  any launch 
t 
t 
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Figure 1.-Earth-Jupiter trajectory characteristics. 

vehicle/upper  s t a g e  combination and t h a t  t h e  corresponding f l i g h t  times a r e  
accu ra t e ,  we then  assume a s i m p l i f i e d  model f o r  t h e  a n a l y s i s  of t h e  passage 
condi t ions  because i t  cons iderably  s i m p l i f i e s  t h e  a n a l y s i s .  The j u s t i f i c a t i o n  
f o r  t h i s  assumption i s  t h a t  t h e  a c t u a l  va lues  o f  J u p i t e r ' s  pa th  angle  and 
i n c l i n a t i o n  are small compared with t h e  p o s s i b l e  changes i n  pa th  angle  and 
i n c l i n a t i o n  o f  t h e  t r a j e c t o r y  as measured be fo re  and a f t e r  encounter.  
The s i m p l i f i e d  model assumes (1) t h a t  t h e  o r b i t a l  p lanes  of  J u p i t e r  and 
t h e  Ea r th - Jup i t e r  t r a j e c t o r y  are co inc ident  wi th  t h e  e c l i p t i c  p lane ,  (2)  t h a t  
J u p i t e r ' s  o r b i t  a t  encounter  i s  cha rac t e r i zed  by zero  pa th  angle  with t h e  
h e l i o c e n t r i c  d i s t a n c e  and speed as shown i n  f i g u r e  1, and (3) t h a t  J u p i t e r ' s  
e q u a t o r i a l  p l ane  i s  a l s o  co inc ident  with t h e  e c l i p t i c .  This l a s t  assumption 
i s  j u s t i f i a b l e  s i n c e  J u p i t e r ' s  o b l i q u i t y  i s  only 3'. I t  i s  d e s i r a b l e  because 
it makes t h e  post-encounter  t r a j e c t o r y  p o s s i b i l i t i e s  symmetric about t h e  
J u p i t e r  e q u a t o r i a l  p lane .  
Mission P r o f i l e s  
Figure 2 i l l u s t r a t e s  t h e  e s s e n t i a l  c h a r a c t e r i s t i c s  of  t h e  J u p i t e r  swingby 
missions.  The example shown i s  an o u t - o f - e c l i p t i c / s o l a r  probe mission. The 
spacec ra f t  i s  launched from Earth and t r a n s f e r s  i n  t h e  e c l i p t i c  p lane  t o  
J u p i t e r .  J u s t  p r i o r  t o  en te r ing  J u p i t e r ' s  sphere of  i n f luence  ( i , e . ,  be fo re  
-J u p i t e r ' s  g r a v i t a t i o n a l  a c c e l e r a t i o n  s i g n i f i c a n t l y  pe r tu rbs  t h e  spacec ra f t  
t r a j e c t o r y ) ,  t h e  h e l i o c e n t r i c  v e l o c i t y  of  t h e  s p a c e c r a f t  i s  V 1  and t h e  pa th  
angle  i s  Yl, measured i n  t h e  plane of h e l i o c e n t r i c  motion between t h e  normal 
t o  t h e  Sun-Jupi te r  r ad ius  vec to r  and t h e  h e l i o c e n t r i c  v e l o c i t y  vec to r .  A t  t h e  
-sphere of  i n f luence ,  t h e  hyperbol ic  excess approach v e l o c i t y  vec to r  i s  def ined  
as vm = VI - T. 
Afte r  emerging from t h e  sphere-of in f luence ,  t h e  post-encounter  t r a j e c t o r y-
has i n i t i a l  h e l i o c e n t r i c  v e l o c i t y  V2 and pa th  angle  Y 2 ,  where V2 = v + vY. 
Since t h e r e  a r e  no p ropu l s ive  maneuvers (except ,  perhaps,  those needed f o r  
guidance purposes) ,  V,, = Vm2.  The t r a j e c t o r y  p lane  i s  i n c l i n e d  a t  angle  i 
t o  t h e  e c l i p t i c  with t h e  l i n e  of nodes being t h e  Sun-Jupi te r  rad ius  vec to r .  
The i l l u s t r a t i o n  a l s o  i n d i c a t e s  t h e  general  case  i n  which t h e  l i n e  of  aps ides  
of t h e  post-encounter  t r a j e c t o r y  i s  d i s t i n c t  from t h e  l i n e  of  nodes. 
RESULTS 
The r e s u l t s  a r e  shown i n  f i g u r e s  3-9 as contours  of s e l e c t e d  parameters 
of t h e  post-encounter  t r a j e c t o r i e s  p l o t t e d  aga ins t  i n c l i n a t i o n  and p e r i c e n t e r  
d i s t ance  of  t h e  passage hyperbola.  Each f i g u r e  corresponds t o  a p a r t i c u l a r  
c h a r a c t e r i s t i c  v e l o c i t y .  For c l a r i t y  of p r e s e n t a t i o n ,  each f i g u r e  i s  i n  f o u r  
p a r t s  and conta ins  t h e  fol lowing information concerning t h e  post-encounter  
t r a j e c t o r i e s  : 
Ecliptic plane 
Earth-Jupiter trajectory 
Post-encounter trajectory 
Figure 2. - J u p i t e r  swingby mode out-of - ec l ip t i c / so l a r  probe mission p r o f i l e .  
- - - 
Perihelion distance, AU 
Inclination of passage hyperbola Aphelion distance, AU 
1000 Sp" 80° 
'Sunlit portion of Jupiter
during approach 
(a) P e r i h e l i o n  and aphel ion  d i s t a n c e s .  
Ti  me to perihelion,yr 
Inclination of passage hyperbola 
100" 9p" 80" 
(b) Time t o  p e r i h e l i o n .  
F igure  3. - Pos t  -encounter h e l i o c e n t r i c  t r a j e c t o r i e s  ; V, = 14.25 km/sec . 
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Time to IO AU, yr 
Inclination of passage hyperbola ---__ -_- Time to 50AU, yr 
100" 9,oo 80" 
Pericenter distance, Jupiter radii 
( c )  Times t o  10 and 50 AU. 
Heliocentric inclination, deg 
Inclination of pussoge hyperbola Tme to max. latitude,yr 
100" 90" 80" 
Pericenter distance, Jupiter radii 
(d)  H e l i o c e n t r i c  i n c l i n a t i o n  and t i m e  t o  m a x i "  h e l i o c e n t r i c  l a t i t u d e .  
F igu re  3. - Concluded. 
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Perihelion distance, AU 
inclination of passage hyperbola -__--- Aphelion distance, AU 
loo" 9p" 80" 
'Sunlit portion of Jupiter
during approach 
(a) P e r i h e l i o n  and aphel ion  d i s t a n c e s .  
Time to perihelion,yr 
(b) T ime  t o  pe r ihe l ion .  
Figure 4. - Post-encounter h e l i o c e n t r i c  t r a j e c t o r i e s ;  V, = 14.5 km/sec. 
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Time to IOAU, yr 
inclination of passage hyperbola ---_- -__ -Time to 50AU. yr 
'8005040 30 20 15 IO 8 6 5 4 3 2 15 I I 15 2 3 4 5 6 8 10 15 20 30 4050 

Pericenter distance, Jupiter radii 

( e )  Times  t o  10 and 50 AU. 
Heliocentric inclination, deg 
lnclinotion of passage hyperbola - - Tme to max. latitude, yr 
100" 90" 80" 
Pericenter distance, Jupiter radii 
(d )  H e l i o c e n t r i c  i n c l i n a t i o n  and t i m e  t o  m a x i "  h e l i o c e n t r i c  l a t i t u d e .  
Figure 4. - Concluded. 
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Perihelion distance, AU 
Inclination of passage hyperbola Aphelion distance, AU 
1000 90" 800 
'Sunlit portion of Jupiter
during approach 
(a )  Pe r ihe l ion  and aphel ion  d i s t a n c e s .  
Time to perihe1ion,yr 
Inclination of passage hyperbola 
100" 9.0" 80" 
1 2  
- - 
- - - - - - - - 
Time to IO AU, yr 
Inclination of passage hyperbola __  ___ -__- Time to 50AU,yr 
100" 800 
_.~ ~~ 
Pericenter distance, Jupiter radii 
( e )  Times to 10 and 50 AU. 
Heliocentric inclination, deg 
lnclinotion of passage hyperbola Time to mox. lotitude,yr 
90" 80" 
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.. . 
Perihelion distance, AU 
Inclination of passage hyperbola Aphelion distance, AU 
100" 9p" 80" 
Pericenter distonce,'Jupiter radii 
'Sunlit portion of Jupiter
during approach 
(a )  P e r i h e l i o n  and aphel ion d i s t ances .  
Time to perihelion,yr 
Inclination of passage hyperbola 
100" 9,O" 80" 
Pericenter distance, Jupiter radii 
(b) T ime  t o  pe r ihe l ion .  
Figure 6.  - Post-encounter h e l i o c e n t r i c  t r a j e c t o r i e s ;  V, = 15.5 km/sec. 
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Time to IO AU, yr 
Inclination of passage hyperbola ---__ _ ___ _ -Time to 50AU, yr 
'80"5040 30 20 15 IO 8 6 5 4 3 2 1.5 I 
Pericenter distance, Jupiter radii 
( c )  Times t o  10 and 50 AU. 
Heliocentric inclination, deg 
Pericenter distance, Jupiter radii 
(d)  H e l i o c e n t r i c  i n c l i n a t i o n  and time t o  m a x i m  h e l i o c e n t r i c  l a t i t u d e .  
F igu re  6. - Concluded. 
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'Sunlit portion of Jupiter
during approach 
(a) P e r i h e l i o n  and aphel ion  d i s t a n c e s .  
Inclination of passage hyperbola 
100" 90" 80° 
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Time to IOAU, yr 
Inclination of passage hyperbola Time to 50AU, yr 
1000 
Pericenter distonce, Jupiter mdii 
( c )  Times t o  10 and 50 AU. 
Heliocentric inclination, deg 
Inclination of passage hyperbola Tme to max. latitude,yr 
100" 9p" 80" 
Pericenter distance, Jupiter radii 
(d)  H e l i o c e n t r i c  i n c l i n a t i o n  and time t o  maxi" h e l i o c e n t r i c  l a t i t u d e .  
F igu re  7. - Concluded. 
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- - - 
Perihelion distance, AU 
Inclination of passage hyperbola Aphelion distance, AU 
100" 90" 80" 
'Sunlit portion of Jupiter
during approoch 
(a) P e r i h e l i o n  and aphel ion d i s t ances .  
(b)  Time t o  pe r ihe l ion .  
Figure 8. - Post-encounter h e l i o c e n t r i c  t r a j e c t o r i e s ;  V, = 16.5 km/sec. 
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Time to IO AU, yr 
---__--- Time to 50AU, yr 
( e )  Times t o  10 and 50 AU. 
Heliocentric inclination, deg 
Time to max. latitude, yr 
( d )  H e l i o c e n t r i c  i n c l i n a t i o n  and t ime t o  m a x i m  h e l i o c e n t r i c  l a t i t u d e .  
Figure 8. - Concluded. 
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Perihelion distance, AU 
Inclination of passage hyperbola _ _  - Aphelion distance, AU 
100" 80° 
'Sunlit portion of Jupiter
during approach 
(a) P e r i h e l i o n  and aphel ion d i s t ances .  
Inclination of passage hyperbola 
1000 9p" 80" 
Pericenter distance, Jupiter radii 
(b) Time t o  pe r ihe l ion .  
Figure 9. - Post-encounter h e l i o c e n t r i c  t r a j e c t o r i e s  ; V, = 17 km/sec. 
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Pericenter distance, Jupiter radii 
( c )  Times t o  10 and 50 AU. 
Heliocentric inclination, deg 
Inclination of passage hyperbola Time to max. latitude, yr 
IO00 9p" 80" 
(d )  H e l i o c e n t r i c  i n c l i n a t i o n  and t i m e  t o  m a x i m  h e l i o c e n t r i c  l a t i t u d e .  
Figure 9. - Concluded. 
2 1  
P a r t  A,  Pe r ihe l ion  and Aphelion Distances - These parameters 
a r e  o f  obvious i n t e r e s t  f o r  s o l a r  probe missions;  missions t o  explore  
t h e  a s t e r o i d  b e l t ;  and, of  course,  missions f o r  d i s t a n t  s o l a r  system 
exp lo ra t ion .  
Part B ,  Time t o  Pe r ihe l ion  - This  i s  t h e  t ime,  measured from 
Earth depar ture ,  u n t i l  p e r i h e l i o n  o f  t h e  post-encounter  t r a j e c t o r y  
i s  f i r s t  reached.  I t  i s  important because it e s t a b l i s h e s  t h e  
s p a c e c r a f t  l i fe t ime requirements f o r  s o l a r  probe missions.  
Pa r t  C ,  Timesto 10 AU and 50 AU - For missions t o  t h e  d i s t a n t  
regions of t h e  s o l a r  system, t h e  s p a c e c r a f t  l i f e t i m e  requirements 
a r e  even more c r i t i c a l .  Unlike mission opera t ion  near  p e r i h e l i o n  
(where t h e  r a t e  of  change of t r u e  anomaly with t ime, de /d t ,  i s  
l a r g e ) ,  as a spacec ra f t  approaches aphel ion de /d t  becomes very 
smal l .  Consequently, i f  i t  were des i r ed  t o  send a spacec ra f t  t o  
a s p e c i f i e d  l a r g e  d i s t ance  from the  Sun and i f  t h i s  d i s t ance  
corresponded t o  aphel ion of  t h e  post-encounter  t r a j e c t o r y ,  excess ive  
f l i g h t  t imes could r e s u l t .  A more reasonable  a l t e r n a t i v e  would be 
t o  s e l e c t  a t r a j e c t o r y  whose aphel ion d i s t a n c e  i s  s u b s t a n t i a l l y  
l a r g e r  than  t h e  des i r ed  d i s t ance .  This  would inc lude ,  of course,  
hyperbol ic  t r a j e c t o r i e s  f o r  which aphel ion  i s  undefined.  To i l l u s ­
t r a t e  t h i s  approach, two d i s t ances  (10 AU and 50 ATJ) were s e l e c t e d .  
The times requi red  t o  a t t a i n  these  d i s t ances  are shown f o r  t r a j e c ­
t o r i e s  whose aphel ion d i s t ances  exceed t h e s e  va lues .  
Part  D ,  He l iocen t r i c  I n c l i n a t i o n  and Time t o  Maximum Helio­
c e n t r i c  La t i tude  - Hel iocen t r i c  i n c l i n a t i o n  i s  a major c r i t e r i o n  
f o r  e s t ima t ing  t h e  e f f ec t iveness  of o u t - o f - e c l i p t i c  missions.  The 
h e l i o c e n t r i c  l a t i t u d e  w i l l  be l e s s  than  t h e  i n c l i n a t i o n ,  however, 
except when t h e  t r u e  anomaly a f t e r  encounter i s  IT/^ + nn (n = 0 ,  
1, 2 ,  . . . ) ,  a t  which po in t s  t h e  l a t i t u d e  w i l l  assume t h e  value 
of t h e  i n c l i n a t i o n .  Thus, i t  seems prudent  t o  spec i fy  a spacec ra f t  
l i f e t i m e  s u f f i c i e n t  t o  permit t h i s  l a t i t u d e  t o  be reached.  These 
requi red  t imes a r e  shown f o r  n = 0.  
Although t h e  t r a j e c t o r y  dynamics, of course ,  a r e  not  dependent on 
c h a r a c t e r i s t i c  v e l o c i t y ,  t he  appearances o f  t h e  c h a r t s  a r e  q u i t e  d i s s i m i l a r  
when d i f f e r e n t  v e l o c i t i e s  a r e  compared. In  t h e  fol lowing paragraphs,  t h e  pos t -
encounter t r a j e c t o r i e s  f o r  each v e l o c i t y  w i l l  be d iscussed  i n d i v i d u a l l y .  Par­
t i c u l a r  a t t e n t i o n  w i l l  be pa id  t o  the  f irst  s e t  o f  c h a r t s  ( f i g .  3 )  s i n c e  they 
do embody a l l  t h e  f e a t u r e s  of t h e  swingby mode. 
C h a r a c t e r i s t i c  Veloc i ty  = 1 4 . 2 5  km/sec 
-
The hyperbol ic  excess v e l o c i t y  vec to r ,  V , approaches J u p i t e r  from a 
-1 
d i r e c t i o n  gene ra l ly  opposed t o  i t s  o r b i t a l  motion and somewhat from t h e  d i r ec ­
t i o n  of t h e  Sun. Consequently, about t h ree - fou r ths  of t h e  p l a n e t ' s  d i s c  i s  
v i s i b l e  during t h e  approach phase as shown i n  f i g u r e  3 (a ) .  
2 2  
Consider now t h e  p e r i h e l i o n  and aphel ion contours  l abe led  5 .1  , r e f e r r e d  
t o  c o l l e c t i v e l y  h e r e a f t e r  as t h e  b a s i c  contour .  J u p i t e r ' s  o r b i t a l  r ad ius  a t  
t h e  t ime of  encounter  i s  5 .1  AU. Thus, t h i s  curve r ep resen t s  t he  locus o f  
post-encounter  t r a j e c t o r i e s  with one apse a t  J u p i t e r  ( i . e . ,  Y2 = 0 ) .  If t h e  
passage hyperbolas are chosen along t h i s  contour  and a r e  such t h a t  p e r i c e n t e r  
d i s t ances  are less than  about 27 r a d i i  and i n c l i n a t i o n s  are l e s s  than  about 
96", t h e  h e l i o c e n t r i c  speed a f t e r  encounter ,  V 2 ,  w i l l  exceed J u p i t e r ' s  o r b i t a l  
speed,  V; hence, t h e  spacec ra f t  w i l l  emerge from t h e  sphere of i n f luence  a t  
p e r i h e l i o n  of  t h e  post-encounter  t r a j e c t o r y .  The post-encounter  t r a j e c t o r y  
o f  maximum h e l i o c e n t r i c  energy has 0" i n c l i n a t i o n  and has  t h e  spacec ra f t  a t  
p e r i h e l i o n  immediately a f t e r  encounter .  For t h i s  Vc t h e  corresponding 
p e r i c e n t e r  d i s t a n c e  i s  about 1.1 J u p i t e r  r a d i i .  
If  t h e  p e r i c e n t e r  d i s t a n c e  and i n c l i n a t i o n  exceed t h e  quoted va lues ,  
then  V2 < V,  and t h e  spacec ra f t  w i l l  e n t e r  t h e  post-encounter  t r a j e c t o r y  a t  
aphel ion .  A t  t h e  s i n g u l a r  p o i n t  V2 = V ,  and t h e  post-encounter  t r a j e c t o r y  
becomes a c i r c u l a r  o r b i t  with r ad ius  equal t o  t h a t  o f  J u p i t e r  a t  t h e  t ime of  
encounter a l though,  as w i l l  be  seen s h o r t l y ,  s u b s t a n t i a l l y  i n c l i n e d  t o  t h e  
e c l i p t i c .  To t h e  l e f t  of t h e  b a s i c  contour Y2 < 0;  thus  p e r i h e l i o n  w i l l  be  
encountered before  aphel ion.  To t h e  r i g h t  of t h i s  contour  Y2 > 0 and 
aphel ion w i l l  be  encountered f i r s t .  
Post-encounter t r a j e c t o r i e s  t h a t  r e s u l t  from passage hyperbolas with low 
i n c l i n a t i o n s  ( the  r i g h t  p o r t i o n  of t h e  c h a r t )  w i l l  r e a l i z e  a p o s i t i v e  energy 
t r a n s f e r  from J u p i t e r ' s  g r a v i t a t i o n a l  f i e l d .  An energy l o s s  w i l l  r e s u l t  when 
t h e  i n c l i n a t i o n s  a r e  very  high ( i . e . ,  r e t rog rade  with r e spec t  t o  J u p i t e r ) .  To 
a c e r t a i n  ex ten t  t h i s  i s  shown by comparing t h e  p e r i h e l i o n  r a d i i  between the  
l e f t  and r i g h t  po r t ions  of  t h e  c h a r t .  For a given passage d i s t ance ,  t h e  p e r i ­
h e l i o n  r a d i i  a s soc ia t ed  with t h e  r e t rog rade  passages a r e  uniformly l e s s .  
Notice t h a t ,  r ega rd le s s  of  passage i n c l i n a t i o n ,  t h e  p e r i h e l i o n  d i s t ance  v a r i e s  
i nve r se ly  with passage d i s t ance .  For very l a r g e  passage d i s t a n c e s ,  t h e  p e r i ­
he l ion  d i s t ance  w i l l  approach l AU. This i s  t h e  va lue  t h a t  would be assoc ia ted  
with t h e  p o s t - J u p i t e r  phase of  t he  unperturbed Ea r th - Jup i t e r  t r a j e c t o r y .  Since 
t h e  p e r i h e l i o n  d i s t ances  a r e  never l e s s  than 1 AU,  i t  i s  obvious t h a t  t h i s  
(minimum energy) J u p i t e r  swingby i s  not compatible wi th  s o l a r  probe missions.  
Examination of t h e  aphel ion  contours r evea l s  more evidence of t h e  energy 
t r a n s f e r s  t h a t  a r e  poss ib l e .  The curve l abe led  m i s  t h e  locus of  p a r a b o l i c  
post-encounter  t r a j e c t o r i e s .  A l l  t r a j e c t o r i e s  contained wi th in  t h i s  boundary 
are h e l i o c e n t r i c  hyperbolas .  Thus, t h i s  lowest energy Ea r th - Jup i t e r  t r a j e c ­
t o r y  can provide a c a p a b i l i t y  f o r  more d i s t a n t  s o l a r  system exp lo ra t ion .  A s  
seen ,  aphel ion d i s t a n c e  a l s o  v a r i e s  i n v e r s e l y  with passage d i s t ance .  Note, 
however, t h e  d i f f e r e n c e  i n  curva ture  between t h e  5.25-AU and 5.5-AU contours ;  
Aphelion d i s t a n c e  of t h e  unperturbed t r a j e c t o r y  i s  5 .25  AU. Thus, t h i s  con­
t o u r  "folds  back" and, f o r  l a r g e  passage d i s t a n c e s ,  would circumscribe t h e  
e n t i r e  c h a r t .  
A s  a f i n a l  observa t ion  of  f i g u r e  3(a), no te  t h a t  t h e  r i g h t  p o r t i o n  of  t h e  
5-AU p e r i h e l i o n  contour does not  p e n e t r a t e  i n t o  t h e  reg ion  of hyperbol ic  t r a ­
j e c t o r i e s .  Recal l  t h a t  t o  t h e  r i g h t  of t h e  b a s i c  contour  Y2 > 0. Thus, 
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w i t h i n  t h e  hyperbol ic  reg ion  t o  t h e  r i g h t  of  t h e  b a s i c  contour ,  t h e  s p a c e c r a f t  
e n t e r s  t h e  post-encounter  t r a j e c t o r y  p a s t  p e r i h e l i o n  and, o f  course,  never  
r e t u r n s .  
Turning now t o  f i g u r e  3 (b ) ,  no te  f irst  t h e  s i n g u l a r i t y  t h a t  e x i s t s  i n  
time t o  p e r i h e l i o n  a t  t h e  p o i n t  t h a t  corresponds t o  t h e  c i r c u l a r  pos t -
encounter  o r b i t .  Beginning wi th  t h e  2.19-year contour ,  t h i s  i s  simply t h e  
t r a n s f e r  t i m e  from Ear th  t o  J u p i t e r  and i s  equiva len t  t o  t h e  Y2 = 0 contour  
d iscussed  above. This is  so because,  by d e f i n i t i o n ,  t h e  time from encounter 
t o  p e r i h e l i o n  i s  zero along t h i s  contour .  A t  t h e  o t h e r  extreme, cons ider  t h e  
13.69-year contour.  This  i s  t h e  sum of  t h e  pe r iod  of  a c i r c u l a r  o r b i t  a t  
5 . 1  AU and t h e  E a r t h - J u p i t e r  t r a n s f e r  t i m e .  This r ep resen t s  a time t o  p e r i ­
h e l i o n  a t  t h e  p o i n t  of s i n g u l a r i t y ,  s i n c e  any p o s i t i v e  Y2, however small, 
r equ i r e s  t h a t  one complete o r b i t  must be completed be fo re  p e r i h e l i o n  i s  
reached. The t h i r d  nonin teger  contour (7.96 year )  i s  t h a t  f o r  which t h e  t i m e  
t o  p e r i h e l i o n  i s  t h e  sum of  t h e  Ea r th - Jup i t e r  t r a n s f e r  t ime and one-half  t h e  
c i r c u l a r  o r b i t  per iod .  This  i s  a l s o  contained a t  t h e  s i n g u l a r  po in t  s i n c e  
f o r  V 2  < V by an a r b i t r a r i l y  small va lue ,  p e r i h e l i o n  w i l l  be reached one-
h a l f  pe r iod  l a t e r .  I t  should now be apparent  t h a t  a l l  contours o f  time t o  
p e r i h e l i o n  not  g r e a t e r  than  t h e  time t o  complete one c i r c u l a r  o r b i t  converge 
t o  t h e  s i n g u l a r i t y  simply because t h e  l o c a t i o n  of  p e r i h e l i o n  o f  a c i r c u l a r  
o r b i t  i s  not  def ined .  
For t imes g r e a t e r  than  t h i s  va lue ,  discont inuous contours  a l s o  e x i s t  as 
seen from t h e  f i g u r e .  For example, t h e  20-year contour  i s  continuous only t o  
t h e  r i g h t  of  t h e  b a s i c  contour .  A t  i t s  i n t e r s e c t i o n  wi th  t h e  b a s i c  contour ,  
t h e  time t o  p e r i h e l i o n  i s  double valued.  Thus, p e r i h e l i o n  can occur e i t h e r  
immediately a f t e r  emergence from t h e  sphere of  i n f luence  (y2 + 0 from a nega­
t i v e  value)  o r ,  f o r  a r b i t r a r i l y  small y2 > 0, w i l l  occur  a f t e r  one complete 
e l l i p t i c a l  o r b i t  has  been completed. Moving down t h e  cha r t  (toward t r a j e c ­
t o r i e s  of h ighe r  energy) t h e  t i m e  t o  p e r i h e l i o n  inc reases  u n t i l  pa rabo l i c  
o r b i t s  a r e  a t t a i n e d .  
F i n a l l y  as w i l l  be more apparent when h ighe r  va lues  of  Vc a r e  d iscussed ,  
t h e  time contours f o l d  back a t  l a r g e r  passage d i s t ances  as do the  aphel ion 
d i s t ance  contours .  The t i m e  t o  p e r i h e l i o n  of  t h e  unperturbed e l l i p s e  i s  about 
5 .6  yea r s .  
The contours  of  cons tan t  f l i g h t  t imes t o  10 AU and SO AU a r e  shown i n  
f i g u r e  3 ( c ) .  The 10 AU and 50 AU aphel ion contours  from f i g u r e  3(a)  a r e  a l s o  
shown s i n c e  they bound t h e  reg ion  of a p p l i c a b i l i t y  of  t h i s  c h a r t .  The t imes 
t o  aphel ion vary,  of course ,  along these  aphel ion  contours .  
I t  i s  seen f irst  t h a t  t h e  minimum time t o  t r a v e l  t o  10 AU i s  s l i g h t l y  
l e s s  than  5 yea r s ;  t h e  maximum times can exceed 10 y e a r s .  Referr ing again 
t o  f i g u r e  3 ( a ) ,  no te  t h a t  f o r  t h e  minimum t r a n s f e r  t ime y2 > 0.  In  o t h e r  
words, some energy i s  s a c r i f i c e d  t o  inc rease  t h e  r a d i a l  v e l o c i t y  component of  
t h e  post-encounter  t r a j e c t o r y .  This i s  appropr i a t e  only because t h e  r a t i o  of  
f i n a l  t o  i n i t i a l  r ad ius  is  small ( -2) .  As t h i s  r a t i o  inc reases ,  i t  becomes 
more important t o  inc rease  energy i n  o rde r  t o  reduce t h e  f l i g h t  t ime. This  i s  
apparent  by examination of  t h e  time contours a s soc ia t ed  with f l i g h t s  t o  50 AU; 
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t h e  minimum t i m e  contour  of 25 years  is  centered  about t h e  y2 = 0 contour .  
Because of t h i s  long f l i g h t  t ime,  one concludes t h a t  t h i s  minimum energy m i s ­
s i o n  t o  J u p i t e r  i s  inappropr i a t e  f o r  use with post-encounter  missions whose 
purpose i s  exp lo ra t ion  a t  t h e  f r i n g e  of  t h e  s o l a r  system. 
A s  t h e  c h a r a c t e r i s t i c  v e l o c i t y  i s  increased ,  t h e  m i n i m u m  times t o  p e r i ­
h e l i o n  o r  t o  a f ixed  r ad ius  tend  t o  decrease i n  a r e g u l a r  manner. Since no 
unique f e a t u r e s  w i l l  subsequent ly  p re sen t  themselves,  t h e  a s soc ia t ed  c h a r t s  
w i l l  be  mentioned only i n  pass ing .  
The f i n a l  c h a r t  ( f ig .  3(d))  concerns t h e  o u t - o f - e c l i p t i c  p o t e n t i a l  f o r  
t h e  post-encounter  t r a j e c t o r i e s .  He l iocen t r i c  i n c l i n a t i o n s  up t o  28" a r e  
p o s s i b l e  with t h i s  minimum energy mission.  (To a t t a i n  t h i s  i n c l i n a t i o n  with 
t h e  d i r e c t  f l i g h t  mode, a c h a r a c t e r i s t i c  v e l o c i t y  of almost 18 km/sec would be 
needed.) If t h e  hyperbol ic  excess  speed i s  l e s s  than  J u p i t e r ' s  o r b i t a l  speed, 
t h e  t r a j e c t o r y  of  maximum i n c l i n a t i o n  has as i n i t i a l  condi t ions  t h a t  y2 = 0 
and t h a t  t h e  spacec ra f t  emerges from t h e  sphere of i n f luence  a t  aphel ion.  
This  can be seen by no t ing  t h e  loca t ion  of  t h e  b a s i c  contour  from 
f i g u r e  3 ( a ) .  
A t  l e a s t  4 years  a r e  r equ i r ed  t o  a t t a i n  maximum l a t i t u d e .  Such long 
t imes r e s u l t  because o f  t h e  r a t h e r  l a r g e  p e r i h e l i o n  d i s t ances  d iscussed  
e a r l i e r .  The cons tan t  t i m e  contours  e x h i b i t  t h e  change i n  curva ture ,  noted 
previous ly ,  between 5 and 6 yea r s .  (The time needed t o  t r a v e l  through a 90' 
t r a n s f e r  angle  measured from J u p i t e r  on t h e  unperturbed t r a j e c t o r y  is  s l i g h t l y  
more than 5 y e a r s . )  
C h a r a c t e r i s t i c  Veloc i ty  = 14.5 km/sec 
A s  c h a r a c t e r i s t i c  v e l o c i t y  i s  increased ,  t he  hyperbol ic  excess  approach 
vec to r  r o t a t e s  toward t h e  Jupi te r -Sun l i n e ,  making more o f  t h e  p l a n e t ' s  d i s c  
v i s i b l e ,  as  seen i n  f i g u r e  4 ( a ) .  The magnitude of t h e  excess  speed a l s o  
inc reases  ( f i g .  1) with Vc. For values  of Vc below about 15.5 km/sec ( f o r  
which, V, = V), t h i s  r e s u l t s  i n  c e r t a i n  wel l -def ined t r ends  t h a t  are 
summarized below ( f i g .  4 ( a ) - ( d ) ) .  
The minimum value  of V2  (Vzmin = V - V,) becomes less ,  pe rmi t t i ng  
sma l l e r  p e r i h e l i o n  r a d i i .  From f i g u r e  4 ( a ) ,  p e r i h e l i o n  r a d i i  less than  0.5 AU 
a r e  poss ib l e .  Conversely, t h e  maximum value  of V2  (V2max = V + V,) becomes 
g r e a t e r .  Hence, t h e  h e l i o c e n t r i c  energy can a l s o  be increased  t o  a g r e a t e r  
e x t e n t .  This i s  demonstrated by t h e  l a r g e r  region f o r  which hyperbol ic  
post-encounter  t r a j e c t o r i e s  become p o s s i b l e .  
The maximum p o s s i b l e  h e l i o c e n t r i c  i n c l i n a t i o n  inc reases  t o  about 41" 
( f i g .  4 ( d ) ) .  To achieve t h e  maximum i n c l i n a t i o n ,  t h e  passage hyperbola 
becomes more h ighly  i n c l i n e d  and t h e  a s soc ia t ed  p e r i c e n t e r  d i s t a n c e  decreases .  
The v a r i a t i o n  inc reases  between t h e  minimum and maximum times r equ i r ed  t o  
a t t a i n  maximum l a t i t u d e .  For r e t rog rade  passage i n c l i n a t i o n s ,  t h e  minimum 
time i s  l e s s  than  3.5 yea r s .  For posigrade passages,  however, t h e  maximum 
time i s  increased  t o  over  15 y e a r s .  
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C h a r a c t e r i s t i c  Veloc i ty  = 15 km/sec 
A t  t h i s  energy l e v e l ,  t r a j e c t o r i e s  become p o s s i b l e  wi th  s i g n i f i c a n t  

c a p a b i l i t y  t o  f u l f i l l  mu l t ip l e  mission o b j e c t i v e s  i n  s h o r t e r  times. Consider,  

f o r  example, a passage i n c l i n a t i o n  of  about 172" and a p e r i c e n t e r  d i s t a n c e  of 
10 r a d i i .  From f i g u r e  5, t h e  post-encounter  t r a j e c t o r y  p lane  w i l l  b e  i n c l i n e d  
30" t o  t h e  e c l i p t i c ;  p e r i h e l i o n  d i s t a n c e  o f  t h i s  t r a j e c t o r y  w i l l  b e  0 .1  AU; 
and t h e  time r equ i r ed  t o  reach maximum l a t i t u d e  and p e r i h e l i o n  w i l l  b e  less 
than  3.5 yea r s .  
A similar s p a c e c r a f t  l i f e t i m e  w i l l  permit  observa t ions  t o  be made a t  
10 AU if t h e  passage hyperbola i s  chosen accordingly.  A p e c u l i a r  f e a t u r e  of 
t h e  hyperbol ic  post-encounter  t r a j e c t o r i e s  a l s o  arises a t  t h i s  energy l e v e l .  
This i s  t h e  fac t  t h a t  from f i g u r e  5 ( d ) ,  t h e  t imes r equ i r ed  t o  reach maximum 
l a t i t u d e  can become i n f i n i t e .  Recal l  t h a t  maximum l a t i t u d e  i s  reached when 
t h e  t r a n s f e r  angle  a f t e r  encounter i s  90". When t h e  hyperbola i s  en tered  a t  
a s i g n i f i c a n t  angular  d i s t ance  p a s t  p e r i h e l i o n  ( i . e . ,  Y2 l a r g e ) ,  t h e  t r a n s f e r  
angle  t o  t he  asymptote of  t h i s  hyperbola becomes l e s s .  Eventual ly ,  t h i s  angle  
becomes l e s s  than  go", s o  t h a t  maximum l a t i t u d e  ( i n  t h e  sense  t h a t  maximum 
l a t i t u d e  equals  i n c l i n a t i o n )  i s  never reached. 
C h a r a c t e r i s t i c  Veloci ty  = 15.5 km/sec 
From f i g u r e  1, t h e  excess speed a t  J u p i t e r  i s  nea r ly  equal  t o  J u p i t e r ' s  
-o r b i t a l  speed. Thus , s i n c e  J u p i t e r ' s  g r a v i t a t i o n a l  f i e l d  remains s u f f i c i e n t  
t o  impart t he  appropr i a t e  change i n  d i r e c t i o n  t o  the  Vm vec to r ,  t h e  passage 
condi t ions  can be chosen s o  t h a t  v2 = 0 .  For such a t r a j e c t o r y ,  t he  angular  
momentum i s  zero and t h e  spacec ra f t  f a l l s  i n t o  t h e  Sun ( f i g .  6 ( a ) ) .  This 
phenomenon e x i s t s  f o r  pu re ly  re t rograde  passages with a p e r i c e n t e r  d i s t ance  of 
about 7 . 7  r a d i i .  High values  of  h e l i o c e n t r i c  i n c l i n a t i o n  a r e  a l s o  poss ib l e .  
A l l  i n c l i n a t i o n  contours converge t o  t h i s  s i n g u l a r  po in t  f o r  which i n c l i n a t i o n  
i s  undefined. 
C h a r a c t e r i s t i c  Veloc i ty  = 16 km/sec 
A t  t h i s  energy l e v e l ,  t he  excess speed a t  J u p i t e r  exceeds J u p i t e r ' s  
o r b i t a l  speed. Consider aga in  the  pure ly  r e t rog rade  passages i f  t he  p e r i ­
cen te r  d i s t ance  i s  15 r a d i i  ( f i g .  7 ( a ) ) .  The post-encounter  v e l o c i t y  v e c t o r  
w i l l  be d i r e c t e d  outward from the  Sun a t  an angle  Y2 = 90". A s  be fo re ,  t he  
spacec ra f t  w i l l  f a l l  i n t o  t h e  Sun. A s  passage d i s t ance  i s  decreased ( i . e . ,  
increased  r o t a t i o n  of  t he  excess  speed vec to r )  Y, exceeds go" ,  and t h e  plane 
of t he  post-encounter  t r a j e c t o r y  i s  i n c l i n e d  180" t o  t h e  e c l i p t i c  ( i . e . ,  t h e  
motion i s  pure ly  r e t rog rade  r e l a t i v e  t o  t h e  Sun).  This condi t ion  e x i s t s  u n t i l  
a p e r i c e n t e r  d i s t ance  of about 2 . 4  r a d i i  i s  a t t a i n e d .  A t  t h i s  va lue ,  t he  
increased  r o t a t i o n  of t h e  excess speed vec to r  makes Y2 = 270". Thus, V 2  i s  
d i r e c t e d  toward t h e  Sun and another  s i n g u l a r i t y  e x i s t s .  Fur ther  reduct ions  i n  
passage d i s t ance  cause t h e  h e l i o c e n t r i c  i n c l i n a t i o n  once again t o  be zero.  
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C h a r a c t e r i s t i c  Veloc i ty  = 16.5 km/sec 
The cha rac t e r  of t h e s e  r e s u l t s  [ f ig .  8) i s  similar t o  t h e  r e s u l t s  j u s t  
d i scussed .  Note, however, t h a t  t h e  s i n g u l a r i t y  t h a t  corresponds t o  Y2 = -90° 
occurs  a t  a much lower r a d i u s .  This lower va lue  i s  needed t o  impart  s u f f i ­
c i e n t  r o t a t i o n  t o  t h e  excess  speed v e c t o r  a t  J u p i t e r  t h a t  i s  inc reas ing  
monotonically wi th  Vc. 
C h a r a c t e r i s t i c  Veloc i ty  = 17 km/sec 
From f i g u r e  9 ( a ) ,  no te  t h a t  t h e  second s i n g u l a r i t y  vanishes  s i n c e  t h e  
r equ i r ed  passage d i s t a n c e  i s  less than  1 r a d i u s .  But a l l  i n  a l l ,  t h e  f e a t u r e s  
of  s o l a r  probe o r  o u t - o f - e c l i p t i c  missions have remained q u i t e  similar a t  
these  h igher  energy l e v e l s .  
To i l l u s t r a t e  f u r t h e r  t h e  energy changes t h a t  a r e  p o s s i b l e  when J u p i t e r ' s  
g r a v i t a t i o n a l  f i e l d  i s  used,  r e c a l l  from f i g u r e  1 t h a t  t h e  Ea r th - Jup i t e r  t r a ­
j e c t o r y  a t  t h i s  c h a r a c t e r i s t i c  v e l o c i t y  i s  hyperbol ic .  Note, however, t h a t  
f o r  passage i n c l i n a t i o n s  g r e a t e r  than  about l O O ' ,  a l l  post-encounter  
t r a j e c t o r i e s  become e l l i p t i c a l .  
Las t ly ,  cons ider  t h e  t imes r equ i r ed  f o r  d i s t a n t  s o l a r  system exp lo ra t ion ;  
i t  i s  seen ( f i g .  9 (d ) )  t h a t  a spacec ra f t  wi th  t h i s  c h a r a c t e r i s t i c  v e l o c i t y  can 
be made t o  pass  10 AU i n  s l i g h t l y  more than  2 yea r s .  Explorat ion a t  50 AU can 
be accomplished if t h e  s p a c e c r a f t  can be made t o  su rv ive  about 10 yea r s .  Note 
t h a t  t he  corresponding t ime f o r  t h e  unperturbed t r a j e c t o r y  would have been 
between 20 and 30 yea r s .  
E f f e c t s  of  Other Launch Years 
The v a r i a t i o n s  i n  Ea r th - Jup i t e r  t r a j e c t o r y  c h a r a c t e r i s t i c s  throughout an 
l l - y e a r  span of launch oppor tun i t i e s  were descr ibed  e a r l i e r .  A b r i e f  i n v e s t i ­
ga t ion  o f  t h e  e f f e c t s  of  such v a r i a t i o n s  on t h e  post-encounter  t r a j e c t o r i e s  
was a l s o  conducted f o r  t h e  1970 and 1980 o p p o r t u n i t i e s .  The 1970 oppor tuni ty  
was considered because it r e q u i r e s  t h e  lowest c h a r a c t e r i s t i c  v e l o c i t y  
('Cmin = 1 4 . 1  km/sec compared t o  'cmin = 14.25 km/sec f o r  t h e  1975 oppor­
t u n i t y ) .  The 1980 oppor tuni ty  was s e l e c t e d  because it requ i r e s  t h e  longes t  
Ea r th - Jup i t e r  f l i g h t  time f o r  a minimum energy t r a n s f e r  (2.75 years  compared 
with 2.19 years  f o r  t h e  1975 oppor tuni ty) .  
For  t h e  1970 miss ion ,  both t h e  minimum energy t r a j e c t o r y  and t h e  t r a j e c ­
t o r y  f o r  which Vm = V were s e l e c t e d  f o r  s tudy .  The corresponding Vc i s  
15.2 km/sec (1975 va lue  i s  Vc = 15.5 km/sec). The r e s u l t s  a r e  as fo l lows:  
The maximum h e l i o c e n t r i c  i n c l i n a t i o n  a t t a i n a b l e  wi th  t h e  minimum energy 
mission i s  only 0.5' less than  t h a t  p o s s i b l e  f o r  t h e  1975 minimum energy 
mission.  
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For a l l  passage i n c l i n a t i o n s  a t  Vc = 15.2 km/sec, t h e  b a s i c  contour 
( fo r  which y2 = 0 )  occurs  a t  s l i g h t l y  h ighe r  va lues  o f  p e r i c e n t e r  d i s t a n c e  
than  i n  1975. The i n t e r c e p t s  o f  t h i s  contour  a t  passage i n c l i n a t i o n s  of  0" 
and 180" a r e  about 2 . 2  and 8 J u p i t e r  r a d i i ,  r e s p e c t i v e l y .  Thus, t h e  contour  
i s  about 1/8 inch  from t h a t  shown i n  f i g u r e  6 ( a ) .  
0 J u p i t e r ' s  r a d i a l  d i s t a n c e  from t h e  Sun a t  encounter  i s  somewhat g r e a t e r  
than  during t h e  1975 oppor tuni ty .  The o r b i t a l  v e l o c i t y  i s ,  t h e r e f o r e ,  some-
,what l e s s ;  hence,  Vm i s  a l s o  l e s s  because of  t h e  condi t ion  t h a t  Vm = V .  
This lower va lue  of  hyperbol ic  excess speed i s  r e f l e c t e d  i n  increased  f l i g h t  
t imes t o  g r e a t e r  d i s t a n c e s .  Compared with t h e  1975 oppor tuni ty ,  t h e  t ime 
r equ i r ed  t o  t r a v e l  t o  10 AU i s  increased  by about 6 months. The time t o  
t r a v e l  t o  50 AU i s  inc reased  by almost 3 years .  
For the  1980 oppor tuni ty ,  a c h a r a c t e r i s t i c  v e l o c i t y  of 17  km/sec was 
chosen f o r  comparison. Negl ig ib le  changes were found i n  t h e  post-encounter  
t r a j e c t o r i e s  i n v e s t i g a t e d .  The loca t ion  of  t h e  b a s i c  contour d i f f e r s  a t  most 
by 0 . 2  J u p i t e r  r a d i u s ,  and t h e  f l i g h t  t imes t o  g r e a t e r  d i s t ances  a r e  
e s s e n t i a l l y  unchanged. 
CONCLUSIONS 
The paramet r ic  a n a l y s i s  of  t hese  J u p i t e r  swingby t r a j e c t o r i e s  leads  t o  
c e r t a i n  b a s i c  conclus ions .  Perhaps t h e  most important o f  t hese  i s  t h e  f l e x i ­
b i l i t y  t h a t  becomes a v a i l a b l e  i n  choosing post-encounter  missions i f  Earth-
J u p i t e r  t r a j e c t o r i e s  wi th  c h a r a c t e r i s t i c  v e l o c i t i e s  g r e a t e r  ' than about 
15.5 km/sec a r e  used. Missions can be r e a d i l y  performed with s o l a r  approach 
d i s t ances  t h a t  a r e  a r b i t r a r i l y  small and/or with high ( g r e a t e r  than 90°) h e l i o ­
c e n t r i c  i n c l i n a t i o n s .  This i s  not t o  say ,  however, t h a t  missions o f  lower 
energy a r e  n e c e s s a r i l y  u n a t t r a c t i v e .  For  i n s t a n c e ,  a minimum energy mission 
can be used t o  y i e l d  a subsequent h e l i o c e n t r i c  i n c l i n a t i o n  o f  almost 30". 
The swingby missions a l s o  a f f o r d  t h e  p o s s i b i l i t y  of s o l a r  system explora­
t i o n  f a r  beyond J u i p t e r ' s  o r b i t .  Passage condi t ions  a t  J u p i t e r  always e x i s t  
t h a t  w i l l  permit  s o l a r  system escape. A t  t h e  h ighe r  energy l e v e l s ,  s i z a b l e  
i n c l i n a t i o n s  can be obta ined  s imultaneously.  
For t h e s e  missions t o  be p r a c t i c a l  a t  a l l ,  o f  course,  adequate spacec ra f t  
l i f e t i m e  must be made a v a i l a b l e .  Close s o l a r  approaches can be accomplished . 
about 2 .5  years  a f t e r  Earth depar ture ,  bu t  g r e a t e r  mission f l e x i b i l i t y  w i l l  
e x i s t  if a l i f e t i m e  of  about 4 years  can be r e a l i z e d .  S imi l a r  mission dura­
t i o n s  a r e  r equ i r ed  f o r  exp lo ra t ion  a t  10 AU. A l i f e t i m e  of  a t  least  10 years  
w i l l  be needed t o  provide a c a p a b i l i t y  f o r  observa t ions  a t  g r e a t  d i s t ances  
from the  Sun. (The example used i n  t h i s  r epor t  i s  50 AU.) 
I t  would thus  appear t h a t  a program o f  ex tens ive  s o l a r  system exp lo ra t ion  
using t h e  J u p i t e r  swingbys w i l l  r equ i r e  two types of  s p a c e c r a f t .  For out-of­
e c l i p t i c / s o l a r  probe miss ions ,  t h e  spacec ra f t  should possess  a design l i f e t i m e  
of 2.5-4 yea r s  and must have a thermal con t ro l  system compatible with the  
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environmental extremes that exist between 5 AU and the selected perihelion
distance. For distant exploration, greater lifetime will be needed. The 
limits on maximum useful distance will be set by the lifetime capability and 
the power available for communication - the trajectory mechanics themselves 
pose no constraint. 
Finally, the results of the sensitivity analysis indicate that these 

general conclusions are valid regardless of the particular Earth-Jupiter 

launch opportunity employed. However, other launch 'opportunitiescan 'affect 

the post-encounter trajectories enough to warrant detailed study as they

become of interest. 

National Aeronautics and Space Administration 

Moffett Field, Calif., 94035, Dec. 9, 1968 
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APPENDIX A 
PASSAGE CHARACTERISTICS 
Given the initial heliocentric conditions VI, Yl (and il = 0), it is 
necessary to compute corresponding conditions after Jupiter passage, V2 , Y2, i. 
Recall the model described earlier for which actual trajectory computations 
are employed to obtain the Earth-Jupiter heliocentric conic but for which a 
coplanar model is used to analyze the passage geometry. Since the approach 
excess speed, Voo ' shown earlier is not based on this coplanar model, its use 
1 would violate the dynamics of the motion 
x 
Figure 10.- Derivation of 
approach excess velocity. 
V 1 cos Y 1 - V 
= V 00 1 
within the sphere of influence. Thus, the 
excess speed must be recomputed within this 
framework. 1 
Define a coordinate system (x, y, z) with 
unit vectors (i, ], k) centered at Jupiter 
(fig. 10). The x axis is in the direction 
of Jupiter's orbital speed, V; the y axis is 
directed toward the Sun; and the z axis is 
directed toward the north ecliptic pole. 
Recall that the x-y plane is also defined as 
Jupiter's equatorial plane. By the definition 
of hyperbolic excess speed Voo l = VI - V so that 
V = (VI cos Yl - V)i - VI sin Yl j. The 00 1 
components of a unit vector in the direction 
of V are thus; 00 1 
Now consider the hyperbolic motion itself. Given V and inclination, 
00 1 
r, of the plane of motion with respect to Jupiter's equatorial plane (r can 
take on any value by making the proper midcourse guidance corrections enroute 
to Jupiter), it is necessary to determine the excess velocity vector at emer-
gence from the sphere of influence, V This vector is a function of the 002 
hyperbolic deflection angle, k, which in turn, is a function of V (V = V ) 00 00 1 002 
the peri center distance, Rp ' as follows: 
k RVoo 2R 
csc - = 1 + P 2 m 
where for Jupiter Rim = 0.5. Numerical values for k are shown as a 
function of the relevant parameters in figure 11. 
lAs one would expect, the numerical differences are small. Depending on 
the characteristic velocity, these computed values are 2-5 percent higher than 
shown earlier. 
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Figure 11.- Hyperbolic a sympto te  d e f l e c t i o n  angle  a t  J u p i t e r .  
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Figure 12.- Derivation of 
departure excess 
velocity. 
The departure excess velocity vector is 
found with the aid of figure 12. Here, n is a 
unit vector normal to the plane of the passage 
hyperbola (i.e., the plane containing V and 001 
V ). The components of n are found from the 
002 
relationships: 
A k n cos r 
n x k sin r v 00 1 
which result in the following: 
nx = -sin r Vy l' n z = cos r 
Consider now the rotation in the plane of 
motion: 
A 
V V cos k 
00 1 002 
V x V = sin kn 00 1 002 
After a small amount of algebra, the components of the unit vector in the 
direction of V are: 002 
cos k - Vx Vx 
1 2 
V
Y1 
= V
Y1 
Vz = -sin k sin r 2 
Since the initial heliocentric velocity after emergence from the sphere of 
influence is 
it follows immediately that, 
A A 
V2 = (V + V Vx )i + V V j + V Vz k 00 2 00 Y 2 00 2 
Figure 13.- Derivation 
of i, Y2 . 
The associated path angle, Y2 , and inclination, 
i, are found with the aid of figure 13. Let b 
represent the i, k components of V2 . Then 
so that 
b . i = cos i 
v + V Vx 
00 2 
cos i = ---;.========= ;fcv + V Vx ) 2 + V 2V 2 
00 2 00 Z2 
By inspection of the figure, we have lastly; 
VooVY2 
sin Y2 = - V2 
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APPENDIX B 
POST-ENCOUNTER TRAJECTORIES 
A t  emergence from t h e  sphere of  i n f luence ,  t h e  post-encounter  t r a j e c t o r y  
i s  descr ibed  by t h e  i n i t i a l  condi t ions  r4, V 2 ,  ~ 2 ,i. The remaining elements 
can be determined r e a d i l y  from t h e  genera l  conic  s e c t i o n  r e l a t i o n s h i p s  as 
fol lows.  
E l l i p t i c a l  T r a j e c t o r i e s  (V2, < 2V2) 
a =  2
2 - rQV2 
a ( 1  - e2)  - r2) 
cos 0,  = 
e r a  
a ( 1  - e,)r =  
1 + e cos ( 0  + e o )  
The time, t ,  i n  y e a r s ,  t o  t r a n s f e r  from t r u e  anomaly e o  t o  t r u e  anomaly 
0 + Bo i s  found from t h e  fol lowing express ion:  
a 3 /  2 112 
t + to = -2Tr ( 2  t an-1  [(e) e + eo e ( 1  - e2l1’, s i n  ( e  + e o )t a n  ( )I - 1 + e cos (e  + eo)  
where to i s  t h e  time t h a t  would have been r equ i r ed  t o  t r a n s f e r  from 
p e r i h e l i o n  t o  B o .  
The h e l i o c e n t r i c  l a t i t u d e ,  q, as a func t ion  o f  0 i s  simply, 
s i n  n = s i n  i s i n  8 
Hyperbolic T r a j e c t o r i e s  (Vz2 > 2V2) 
‘4a=-- ~ 
rav2, - 2 
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a (e2  - 1) - ra 
COS eo  = ~ 
r =  ace2 - 1)  
1 + e cos ( e  + e o )  
The l i m i t i n g  t r u e  anomaly ( t r u e  anomaly of a hyperbol ic  asymptote) i s  simply: 
COS em = ­ (3 

so  t h a t  t he  maximum t r a n s f e r  angle  a f t e r  encounter i s :  
F ina l ly  the  t r a n s f e r  time i s  
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